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Abstract
An e-star is a complete bipartite graph K1,e. An e-star system of order n > 1, Se(n), is
a partition of the edges of the complete graph Kn into e-stars. An e-star system is said to
be k-colourable if its vertex set can be partitioned into k sets (called colour classes) such that
no e-star is monochromatic. The system Se(n) is k-chromatic if Se(n) is k-colourable but is
not (k − 1)-colourable. If every k-colouring of an e-star system can be obtained from some
k-colouring φ by a permutation of the colours, we say that the system is uniquely k-colourable.
In this paper, we first show that for any integer k > 2, there exists a k-chromatic 3-star system
of order n for all sufficiently large admissible n. Next, we generalize this result for e-star systems
for any e > 3. We show that for all k > 2 and e > 3, there exists a k-chromatic e-star system
of order n for all sufficiently large n such that n ≡ 0, 1 (mod 2e). Finally, we prove that for all
k > 2 and e > 3, there exists a uniquely k-chromatic e-star system of order n for all sufficiently
large n such that n ≡ 0, 1 (mod 2e).
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1 Introduction
A G-decomposition of a graph H is a pair (V,B) where V is the set of vertices of K and B is
a set of subgraphs of K, each isomorphic to G, whose edge sets partition the edge set of K. A
G-design of order n is a G-decomposition of the complete graph Kn on n vertices. A complete
graph is a simple graph in which every pair of distinct vertices is connected by a unique edge. A
G-design (V,B) is said to be weakly k-colourable if its vertex set can be partitioned into k sets
(called colour classes) such that no subgraph belonging to B is monochromatic. The G-design
is k-chromatic if it is k-colourable but is not (k − 1)-colourable. If a G-design is k-chromatic,
we say that its chromatic number is k. A colouring of a G-design is said to be equitable if the
cardinalities of the colour classes differ by at most one. It is strongly equitable if the colour
classes are of the same size. A G-design will be called (strongly) equitably k-chromatic if it is
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k-chromatic and admits a (strongly) equitable k-colouring. If every k-colouring of a G-design
(V,B) can be obtained from some k-colouring φ by a permutation of the colours, we say that
(V,B) has a unique k-colouring, or that (V,B) is uniquely k-colourable.
Weak colourings of G-designs were first studied for K3-designs, i.e., Steiner triple systems.
In particular, de Brandes, Phelps and Ro¨dl [2] proved that for any k > 3, there exists some
integer vk such that for all admissible v > vk, there is a k-chromatic Steiner triple system of
order v. Moreover, in [3] Burgess and Pike showed that for all k > 2 and even m > 4 there
exists a k-chromatic m-cycle system. An m-cycle system of order n > 1 is a partition of the
edges of the complete graph Kn into m-cycles. Also, Horsley and Pike showed that for all k > 2
and m > 3 with (k,m) 6= (2, 3), there exist k-chromatic m-cycle systems of all admissible orders
greater than or equal to some integer nk,m [5].
A bipartite graph Gm,n is a graph whose vertex set can be partitioned into two subsets V1
and V2 with m and n vertices each, such that every edge of Gm,n has one vertex in V1 and one
vertex in V2. If Gm,n contains every edge joining V1 and V2, then it is called a complete bipartite
graph and denoted by Km,n. For an integer e > 1, an e-star is a complete bipartite graph
K1,e. An e-star with star centre x and edges {x, a1}, {x, a2}, . . ., {x, ae} is denoted by either
{x; a1, . . . , ae} or {x;A} where A = {a1, . . . , ae}. When G is an e-star, a G-design of order n is
called an e-star system of order n and denoted by Se(n). The necessary and sufficient conditions
for the existence of an e-star system of order n are that e divides n(n−1)2 and n > 2e [6]. A
positive integer n is said to be admissible if there exists an e-star system of order n.
A G-factor of a graphH is a spanning subgraph ofH , each component of which is isomorphic
to G. If the edges of H can be partitioned into G-factors, then we say H has a G-factorization.
The existence of a K1,e-factorization of Kn was studied and completely settled in 1993 [7]. If e
is even, a K1,e-factorization of Kn exists if and only if n ≡ 1 (mod 2e) and n ≡ 0 (mod e + 1).
If e is odd, there does not exist a K1,e-factorization of Kn for any n.
In this paper, we investigate k-colourings of e-star systems for e > 3. Note that a 3-star
system of order n exists if and only if n ≡ 0, 1 (mod 3) and n > 6. In Section 2, we first construct
equitably 2-chromatic 3-star systems of all admissible orders. We then show that if there exists
a k-chromatic 3-star system of order n0, then there exists a k-chromatic 3-star system of order n
for all admissible n > n0 and k > 2. Next, from a (k− 1)-chromatic 3-star system, we construct
a k-chromatic 3-star system for all k > 3. Finally, we finish this section by showing that for any
integer k > 2, there exists some integer nk such that for all admissible n > nk, there exists a
k-chromatic 3-star system of order n.
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In Section 3, we generalize the results in Section 2 for e-star systems for all e > 3. We first
construct equitably 2-chromatic e-star systems of order 2e for all e > 3. We then show that if
there exists a k-chromatic e-star system of order n0 such that n0 ≡ 0, 1 (mod 2e), then there
exists a k-chromatic e-star system for all n > n0 such that n ≡ 0, 1 (mod 2e) for all k > 2 and
e > 4. Next, from a (k− 1)-chromatic e-star system of order nk−1 ≡ 0 (mod 2e), we construct a
k-chromatic e-star system of order nk ≡ 0 (mod 2e) for all k > 3. Finally, we finish this section
by showing that for any integer k > 2, there exists some integer nk where nk ≡ 0 (mod 2e) such
that for all n > nk where n ≡ 0, 1 (mod 2e), there exists a k-chromatic e-star system of order n.
We also study unique colourings for e-star systems. The idea of uniquely colourable designs
has already arisen in the content of Steiner triple systems. In 2003, Forbes showed that for every
admissible v > 25, there exists a 3-balanced Steiner triple system with a unique 3-colouring and
also a Steiner triple system which has a unique, nonequitable 3-colouring [4], where a Steiner
triple system is said to be 3-balanced if every 3-colouring of it is equitable. In Section 4, we first
construct a strongly equitable uniquely 2-chromatic e-star system. Next, we construct a strongly
equitable k-chromatic e-star system from a strongly equitable uniquely (k− 1)-chromatic e-star
system. We then show how to construct a strongly equitable uniquely k-chromatic e-star system
from a strongly equitable k-chromatic e-star system. Finally, we finish this section by showing
that for any integer k > 2, there exists some integer nk where nk ≡ 0 (mod 2e) such that for all
n > nk where n ≡ 0, 1 (mod 2e), there exists a uniquely k-chromatic e-star system of order n.
2 k-colourings of 3-star systems
We initially concentrate on 3-star systems and we show that for any integer k > 2, there exists
some integer nk such that for all admissible n > nk, there exists a k-chromatic 3-star system of
order n. We first construct an equitably 2-chromatic 3-star system of order n for all admissible
n.
Theorem 2.1 For each admissible order n, there exists an equitably 2-chromatic 3-star system
of order n.
Proof. We first construct an equitably 2-chromatic 3-star system S3(6). Let V = {1, 2, 3, 4, 5, 6},
B =
{
{1; 3, 5, 6}, {2; 1, 3, 6}, {4; 1, 2, 3}, {5; 2, 3, 4}, {6; 3, 4, 5}
}
, R = {1, 3, 5}, and Y = {2, 4, 6}.
Then (V,B) is an equitably 2-chromatic 3-star system of order six with colour classes R and Y .
Now, suppose that there exists an equitably 2-chromatic 3-star system S3(3t), (V,B), where
t > 2, V = {1, . . . , 3t} is the set of points which is partitioned into two subsets R and Y and
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B is the set of blocks. Without loss of generality, if 3t is odd, we can let R = {1, 3, 5, . . . , 3t},
Y = {2, 4, 6, . . . , 3t− 1} and if 3t is even, R = {1, 3, 5, . . . , 3t− 1}, Y = {2, 4, 6, . . . , 3t}.
Next, we construct an equitably 2-chromatic 3-star system S3(3t+1), (Vˆ , Bˆ), from (V,B). Let
Vˆ = V ∪ {3t+ 1} and Bˆ = B ∪
{
{3t+ 1; 1, 2, 3}, {3t+ 1; 4, 5, 6}, . . . , {3t+ 1; 3t− 2, 3t− 1, 3t}
}
.
Let R = {1, 3, 5, . . . , 3t}, Y = {2, 4, 6, . . . , 3t + 1} if 3t is odd and R = {1, 3, 5, . . . , 3t + 1},
Y = {2, 4, 6, . . . , 3t} if 3t is even. Then (Vˆ , Bˆ) is an equitably 2-chromatic 3-star system of
order 3t+ 1 with colour classes R and Y .
Finally, we construct an equitably 2-chromatic 3-star system S3(3t+3), (V˜ , B˜), from (V,B).
Let V˜ = V ∪ {3t+1, 3t+2, 3t+3} and B˜ = B∪
{
{3t+1; 1, 2, 3}, . . . , {3t+1; 3t− 5, 3t− 4, 3t−
3}, {3t+2; 1, 2, 3}, . . . , {3t+2; 3t−5, 3t−4, 3t−3}, {3t+3; 1, 2, 3}, . . . , {3t+3; 3t−5, 3t−4, 3t−
3}, {3t+1; 3t−2, 3t−1, 3t+2}, {3t+2; 3t−2, 3t−1, 3t+3}, {3t+3; 3t−2, 3t−1, 3t+1}, {3t; 3t+
1, 3t+ 2, 3t+ 3}
}
. Let R be the set of odd elements of V˜ and Y be the set of even elements of
V˜ . Then (V˜ , B˜) is an equitably 2-chromatic 3-star system of order 3t+ 3 with colour classes R
and Y . ✷
We now show how to construct a k-chromatic 3-star system from a smaller k-chromatic 3-star
system.
Theorem 2.2 Let k > 2. If there exists a k-chromatic 3-star system of order n0, then there
exists a k-chromatic 3-star system of order n for all admissible n > n0.
Proof. Suppose that there exists a k-chromatic 3-star system of order n0, (V,B), where V =
{1, . . . , n0} is the set of points and B is the set of blocks. Given a k-colouring of (V,B) with
colours 1, 2, . . . , k and colour classes C1, C2, . . . , Ck, let R =
ℓ⋃
i=1
Ci and Y =
k⋃
i=ℓ+1
Ci for some
integer ℓ such that 1 6 ℓ < k. Let r1, r2, . . . , r|R| be the elements of R and y1, y2, . . . , y|Y | be the
elements of Y . Observe that R and Y form a partition of V . Without loss of generality assume
that |R| > |Y |.
Case 1. Suppose that n0 ≡ 0 (mod 3). Then n0 = 3t, t > 2.
First, we construct a k-chromatic S3(3t+ 1), (Vˆ , Bˆ), from (V,B). Let Vˆ = V ∪ {3t+ 1}.
If |R| = |Y |, let Bˆ = B ∪ T where T is the set
{
{3t + 1; r1, r2, y1}, {3t + 1; y2, y3, r3}, . . . ,
{3t+ 1; r|R|−2, r|R|−1, y|Y |−2}, {3t+ 1; y|Y |−1, y|Y |, r|R|}
}
.
Otherwise, |R| > |Y |. If |Y | is even then let m = |Y |2 and Bˆ = B ∪ T where T is the
set
{
{3t + 1; y1, y2, r1}, . . . , {3t + 1; y|Y |−1, y|Y |, rm}, {3t + 1; rm+1, rm+2, rm+3}, . . . , {3t +
1; r|R|−2, r|R|−1, r|R|}
}
. If |Y | is odd then let m = |Y |+32 and Bˆ = B∪T where T is the set
{
{3t+
1; y1, y2, r1}, . . . , {3t+1; y|Y |−2, y|Y |−1, rm−2}, {3t+1; y|Y |, rm−1, rm}, {3t+1; rm+1, rm+2, rm+3},
. . . , {3t+ 1; r|R|−2, r|R|−1, r|R|}
}
.
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Note that (Vˆ , Bˆ) is not (k− 1)-colourable because it contains a copy of (V,B). Observe that
C1, . . . , Ck−1, Ck ∪ {3t+ 1} are the colour classes of a k-colouring of (Vˆ , Bˆ). Therefore, (Vˆ , Bˆ)
is a k-chromatic 3-star system of order 3t+ 1.
Next, we construct a k-chromatic S3(3t+ 3), (V˜ , B˜), from (V,B). Let V˜ = V ∪ {3t+1, 3t+
2, 3t+ 3} and R′ = R \ {r|R|−2, r|R|−1, r|R|}. Note that |R| > 3 since n0 > 6 and |R| > |Y |.
Let T be the set
{
{3t+1; r|R|−2, r|R|−1, 3t+2}, {3t+2; r|R|−2, r|R|−1, 3t+3}, {3t+3, r|R|−2, r|R|−1,
3t+ 1}, {r|R|; 3t+ 1, 3t+ 2, 3t+ 3}
}
.
If |R′| = |Y |, let B˜ = B∪T∪(
i=3⋃
i=1
Ti) where Ti is the set
{
{3t+ i; r1, r2, y1}, {3t+ i; y2, y3, r3},
. . . , {3t+ i; r|R|−5, r|R|−4, y|Y |−2}, {3t+ i; y|Y |−1, y|Y |, r|R|−3}
}
for i ∈ {1, 2, 3}.
If |R′| > |Y | and |Y | is even, then let m = |Y |2 and B˜ = B ∪ T ∪ (
i=3⋃
i=1
Ti) where Ti is
the set
{
{3t+ i; y1, y2, r1}, . . . , {3t+ i; y|Y |−1, y|Y |, rm}, {3t+ i; rm+1, rm+2, rm+3}, . . . , {3t+
i; r|R|−5, r|R|−4, r|R|−3}
}
for i ∈ {1, 2, 3}. The edges can be decomposed into 3-stars in a similar
manner when |R′| > |Y | and |Y | is odd.
Otherwise, |R′| < |Y |. Then either |R′| = |Y | − 1 or |R′| = |Y | − 2 or |R′| = |Y | − 3. If
|R′| = 0, then |R| = |Y | = 3. Without loss of generalty, we may assume that Y = {1, 2, 3}
and R = {4, 5, 6}. Now let B˜ = B ∪ T0 where T0 is the set
{
{7; 1, 2, 4}, {8; 1, 2, 4}, {9; 1, 2, 4},
{7; 8, 3, 5}, {8; 9, 3, 5}, {9; 7, 3, 5}, {6; 7, 8, 9}
}
. If |R′| > 1 and |R′| = |Y | − 1, let B˜ = B ∪
T ∪ (
i=3⋃
i=1
Ti) where Ti is the set
{
{3t + i; r1, y1, y2},
{
{3t + i; r2, r3, y3}, {3t + i; y4, y5, r4}, . . . ,
{3t + i; r|R|−2, r|R|−1, y|Y |−2}, {3t + i; y|Y |−1, y|Y |, r|R|}
}
, for i ∈ {1, 2, 3}. The edges can be
decomposed into 3-stars in a similar manner when 1 6 |R′| < |Y | and |R′| = |Y | − j for
j ∈ {2, 3}.
Note that (V˜ , B˜) is not (k − 1)-colourable because it contains a copy of (V,B). Observe
that C1, . . . , Ck−1, Ck ∪ {3t+ 1, 3t+ 2, 3t+ 3} are the colour classes of a k-colouring of (V˜ , B˜).
Therefore, (V˜ , B˜) is a k-chromatic 3-star system of order 3t+ 3.
Case 2. Suppose that n0 ≡ 1 (mod 3). Then n0 = 3t+1, t > 2. We construct a k-chromatic
S3(3t + 3), (Vˆ , Bˆ), from (V,B). Let Vˆ = V ∪ {3t+ 2, 3t+ 3}. Note that |R| > 4 since n0 > 7
and |R| > |Y |. So without loss of generality we may assume that {3t, 3t+ 1} ⊂ R. Moreover,
since the edge {3t, 3t+1} must be in some 3-star, we may also assume that there exists a 3-star
S = {3t + 1; 3t, 3t − 1, 3t − 2} ∈ B. We will dismantle the 3-star S in each of the following
subcases:
Case 2.1. All the vertices of the 3-star S belong to the set R. Hence R is the union of ℓ > 2
distinct colour classes. Let R′ = R \ {3t+ 1, 3t, 3t− 1, 3t− 2}.
Let T be the set
{
{3t+2; 3t+1, 3t, 3t−1}, {3t+3; 3t+2, 3t, 3t−1}, {3t−2; 3t+2, 3t+1, 3t+3},
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{3t+ 1; 3t+ 3, 3t, 3t− 1}
}
.
If |R′| = |Y |, let Bˆ = (B \ {S}) ∪ T ∪ (
i=2⋃
i=1
Ti) where Ti is the set
{
{3t + i; r1, r2, y1},
{3t+ i; y2, y3, r3}, . . . , {3t+ i; r|R|−6, r|R|−5, y|Y |−2}, {3t+ i; y|Y |−1, y|Y |, r|R|−4}
}
for i ∈ {1, 2}.
If |R′| > |Y | and |Y | is even, then let m = |Y |2 and Bˆ = (B \ {S}) ∪ T ∪ (
i=2⋃
i=1
Ti) where
Ti is the set
{
{3t + i; y1, y2, r1}, . . . , {3t + i; y|Y |−1, y|Y |, rm}, {3t + i; rm+1, rm+2, rm+3}, . . . ,
{3t + i; r|R|−6, r|R|−5, r|R|−4}
}
for i ∈ {1, 2}. The edges can be decomposed into 3-stars in a
similar manner when |R′| > |Y | and |Y | is odd.
Otherwise |R′| < |Y |. Then either |R′| = |Y | − 1 or |R′| = |Y | − 2 or |R′| = |Y | − 3 or
|R′| = |Y |− 4. If |R′| = 0, then Y = {1, 2, 3} and R = {4, 5, 6, 7}. Let Bˆ = (B \ {S})∪T0 where
T0 is the set
{
{8; 1, 2, 3}, {9; 1, 2, 3}, {8; 7, 6, 5}, {9; 8, 6, 5}, {4; 8, 7, 9}, {7; 9, 6, 5}
}
. If |R′| > 1
and |R′| = |Y | − 4, let Bˆ = (B \ {S}) ∪ T ∪ (
i=2⋃
i=1
Ti) where Ti is the set
{
{3t + i; r1, y1, y2},
{3t+ i; r2, y3, y4}, {3t+ i; r3, y5, y6}, {3t + i; r4, y7, y8}, {3t+ i; r5, r6, y9}, {3t+ i; y10, y11, r7},
. . . , {3t+ i; r|R|−6, r|R|−5, y|Y |−2}, {3t+ i; y|Y |−1, y|Y |, r|R|−4}
}
for i ∈ {1, 2}. The edges can be
decomposed into 3-stars in a similar manner when 1 6 |R′| < |Y | and |R′| = |Y | − j, 1 6 j 6 3.
Note that (Vˆ , Bˆ) is not (k− 1)-colourable because it contains a copy of (V,B). Observe that
C1, . . . , Ck−1, Ck ∪ {3t+ 2, 3t+ 3} are the colour classes of a k-colouring of (Vˆ , Bˆ). Therefore,
(Vˆ , Bˆ) is a k-chromatic 3-star system of order 3t+ 3.
Case 2.2. Exactly three vertices of the 3-star S belong to the set R. The edges can be
decomposed into 3-stars in a manner similar to the last case.
Case 2.3. Exactly two vertices of the 3-star S belong to the set R. Let R′ = R \ {3t, 3t+1}
and Y ′ = Y \ {3t− 1, 3t− 2}.
If |R′| > |Y ′| and |Y ′| is even, then let m = |Y
′|
2 and Bˆ = (B \ {S}) ∪ T ∪ (
i=2⋃
i=1
Ti) where
Ti is the set
{
{3t + i; y1, y2, r1}, . . . , {3t + i; y|Y ′|−3, y|Y ′|−2, rm}, {3t + i; rm+1, rm+2, rm+3},
. . . , {3t + i; r|R|−4, r|R|−3, r|R|−2}
}
for i ∈ {1, 2} and T is the set
{
{3t + 2; 3t + 1, 3t, 3t − 1},
{3t+ 3; 3t+ 2, 3t, 3t− 1}, {3t− 2; 3t+ 2, 3t+ 1, 3t+ 3}, {3t+ 1; 3t+ 3, 3t, 3t− 1}
}
. The edges
can be decomposed into 3-stars in a similar manner when |R′| > |Y ′| and |Y ′| is odd; likewise
when |R′| = |Y ′|.
Note that (Vˆ , Bˆ) is not (k− 1)-colourable because it contains a copy of (V,B). Observe that
C1, . . . , Ck−1, Ck ∪ {3t+ 2, 3t+ 3} are the colour classes of a k-colouring of (Vˆ , Bˆ). Therefore,
(Vˆ , Bˆ) is a k-chromatic 3-star system of order 3t+ 3. ✷
We now show how to iteratively construct a k-chromatic 3-star system from a (k − 1)-
chromatic 3-star system.
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Theorem 2.3 Let k > 3. If there exists a (k − 1)-chromatic 3-star system then there exists a
k-chromatic 3-star system.
Proof. Given that there exists a (k − 1)-chromatic 3-star system, then by Theorem 2.2, there
exists a (k − 1)-chromatic 3-star system of order nk−1 for some nk−1 ∈ Z such that nk−1 ≡ 0
(mod 3). Let (U0,A0) be a (k − 1)-chromatic 3-star system of order nk−1 with colour classes
C1, . . . , Ck−1 such that |C1| 6 · · · 6 |Ck−1| and each vertex of Cs has colour s, 1 6 s 6 k−1. For
each s ∈ {1, . . . , k − 1}, let Cs = {cs1, . . . , c
s
|Cs|
}. For a positive integer ℓ that will be fixed later
and for each i ∈ {1, . . . , ℓ}, let Ui = U0×{i} and Ai = A0×{i} where A0 ×{i} denotes the set
{S×{i} | S ∈ A0} and when S = {x; a, b, c}, S×{i} denotes
{
x×{i}; a×{i}, b×{i}, c×{i}
}
.
So (Ui,Ai) has colour classes C1 × {i}, . . . , Ck−1 × {i}. If 2k ≡ 0 (mod 3) then let V =
{1, 2, 3, . . . , 2k}; otherwise let V = {1, 2, 3, . . . , 2k−1}. Also let U =
ℓ⋃
i=1
Ui such that V ∩U = ∅.
We will embed (U1,A1), . . . , (Uℓ,Aℓ) into a k-chromatic 3-star system (Vˆ , Bˆ) where Vˆ = V ∪U .
Since the edges of the complete graph on the set V admit a decomposition into 3-stars, we let
(V,B) be an arbitrary 3-star system of order 2k − 1. We now need to decompose the edges
between V and U and the edges between Ui and Uj , for 1 6 i < j 6 ℓ into 3-stars such that the
resulting 3-star system (Vˆ , Bˆ) is k-chromatic. To do so, we will decompose the edges between
V and U into 3-stars in a way such that no 3-subset in V is monochromatic in any putative
(k − 1)-colouring. Three cases arise.
Case 1: 2k− 1 ≡ 0 (mod 3). Then 2k− 1 = 3t for some t ∈ Z+. The number of 3-subsets of
the set V is
(
2k−1
3
)
= t(k− 1)(2k− 3). We now fix ℓ = (k− 1)(2k− 3). Partition the set of all 3-
subsets of V into ℓ sets T1, . . . ,Tℓ each consisting of t mutually disjoint 3-subsets. This partition
is known to exist by [1]. Let Ti =
{
{xi1, y
i
1, z
i
1}, . . . , {x
i
t, y
i
t, z
i
t}
}
, 1 6 i 6 ℓ. Decompose the
edges between V and Ui into the 3-stars of the set Ti =
⋃
u∈Ui
{
{u;xi1, y
i
1, z
i
1}, . . . , {u;x
i
t, y
i
t, z
i
t}
}
,
where 1 6 i 6 ℓ.
We now begin to decompose the edges between Ui and Uj for 1 6 i < j 6 ℓ into 3-
stars. If |C1| is even, then let r =
|C1|
2 . Observe that 2r = |C1| 6 |C2| and so for each
p ∈ {1, 2, . . . , |C1|} we decompose the edges between c1p × {i} and Uj into the 3-stars of the
set: S1p =
{
{c1p × {i}; c
1
1 × {j}, c
1
2 × {j}, c
2
1 × {j}}, {c
1
p × {i}; c
1
3 × {j}, c
1
4 × {j}, c
2
2 × {j}}, . . . ,
{c1p×{i}; c
1
|C1|−1
×{j}, c1|C1|×{j}, c
2
r×{j}}
}
∪
{
{c1p×{i};xt, yt, zt} | 1 6 t 6
nk−1−3r
3
}
, where
the sets {xt, yt, zt}, 1 6 t 6
nk−1−3r
3 , form a partition of Uj \
(
(C1 × {j}) ∪ {c21 × {j}, c
2
2 ×
{j}, . . . , c2r × {j}}
)
. If |C1| is odd, then let r =
|C1|+1
2 and decompose the edges between
c1p × {i} and Uj into the 3-stars of the set: S
1
p =
{
{c1p × {i}; c
1
1 × {j}, c
1
2 × {j}, c
2
1 × {j}},
{c1p × {i}; c
1
3 × {j}, c
1
4 × {j}, c
2
2 × {j}}, . . . , {c
1
p × {i}; c
1
|C1|−2
× {j}, c1|C1|−1 × {j}, c
2
r−1 × {j}},
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{c1p × {i}; c
1
|C1|
× {j}, c2r × {j}, c
2
r+1 × {j}}
}
∪
{
{c1p × {i};xt, yt, zt} | 1 6 t 6
nk−1−3r
3
}
, where
the sets {xt, yt, zt}, 1 6 t 6
nk−1−3r
3 , form a partition of Uj \
(
(C1 × {j}) ∪ {c21 × {j}, c
2
2 ×
{j}, . . . , c2r+1×{j}}
)
. The edges between (C2×{i})∪· · ·∪ (Ck−2×{i}) and Uj are decomposed
into sets of 3-stars S21, . . . , S
2
|C2|
, . . . , Sk−21 , . . . , S
k−2
|Ck−2|
in a similar manner.
Next, we decompose the edges between Ck−1 × {i} and Uj into 3-stars. If |Ck−1| = 2n for
some n ∈ Z+, then we let Ck = {c
k−1
n+1, . . . , c
k−1
|Ck−1|
}. If 2n is a multiple of 3, then for each
p ∈ {1, 2, . . . , |Ck−1|} we decompose the edges between ck−1p and Uj into the 3-stars of the
set: Sk−1p =
{
{ck−1p × {i}; c
k−1
1 × {j}, c
k−1
2 × {j}, c
k−1
n+1 × {j}}, {c
k−1
p × {i}; c
k−1
n+2 × {j}, c
k−1
n+3 ×
{j}, ck−13 ×{j}}, . . . , {c
k−1
p ×{i}; c
k−1
n−2×{j}, c
k−1
n−1×{j}, c
k−1
|Ck−1|−2
×{j}}, {ck−1p ×{i}; c
k−1
|Ck−1|−1
×
{j}, ck−1|Ck−1| × {j}, c
k−1
n × {j}}
}
∪
{
{ck−1p × {i};xt, yt, zt} | 1 6 t 6
nk−1−|Ck−1|
3
}
, where the
sets {xt, yt, zt}, 1 6 t 6
nk−1−|Ck−1|
3 , form a partition of
k−2⋃
s=1
(Cs × {j}). If 2n is congruent
to 1 modulo 3, then the edges are decomposed into the 3-stars of the set: Sk−1p =
{
{ck−1p ×
{i}; ck−11 ×{j}, c
k−1
2 ×{j}, c
k−1
n+1×{j}}, {c
k−1
p ×{i}; c
k−1
n+2×{j}, c
k−1
n+3×{j}, c
k−1
3 ×{j}}, . . . , {c
k−1
p ×
{i}; ck−1n−2×{j}, c
k−1
n−1×{j}, c
k−1
|Ck−1|−3
×{j}}, {ck−1p ×{i}; c
k−1
|Ck−1|−2
×{j}, ck−1|Ck−1|−1×{j}, c
k−1
n ×{j}},
{ck−1p × {i}; c
k−1
|Ck−1|
× {j}, a, b}
}
∪
{
{ck−1p × {i};xt, yt, zt} | 1 6 t 6
nk−1−(|Ck−1|+2)
3
}
, where a
and b are distinct vertices of
k−2⋃
s=1
(Cs × {j}) and the sets {xt, yt, zt}, 1 6 t 6
nk−1−(|Ck−1|+2)
3 ,
form a partition of
k−2⋃
s=1
(Cs × {j}) \{a, b}. The edges are decomposed into 3-stars in a similar
manner when 2n is congruent to 2 modulo 3. If |Ck−1| = 2n + 1 for some n ∈ Z+, then we
let Ck = {c
k−1
n+1 . . . , c
k−1
|Ck−1|
} and decompose the edges into 3-stars in a similar manner. Now
Uij = (
|C1|⋃
a=1
S1a)∪ · · · ∪ (
|Ck−1|⋃
a=1
Sk−1a ) forms a 3-star decomposition of the edges between Ui and Uj ,
1 6 i < j 6 ℓ.
Let Bˆ = B ∪ (
ℓ⋃
i=1
Ai) ∪ (
ℓ⋃
i=1
Ti) ∪ (
ℓ⋃
j=2
U1j) ∪ (
ℓ⋃
j=3
U2j ) ∪ · · · ∪ U
ℓ−1
ℓ . The k colour classes
{1, 2} ∪
ℓ⋃
i=1
(C1 × {i}), {3, 4} ∪
ℓ⋃
i=1
(C2 × {i}), · · · , {2k − 1, 2k − 2} ∪
ℓ⋃
i=1
(Ck−1 \ Ck) × {i}),
{2k − 1} ∪
ℓ⋃
i=1
(Ck × {i}) exhibit a k-colouring of (Vˆ , Bˆ). Since (Ui,Ai), 1 6 i 6 ℓ is a (k − 1)-
chromatic 3-star system, there are vertices ui1, . . . , u
i
k−1 in Ui such that u
i
s ∈ Cs × {i} for each
1 6 s 6 k − 1. Since |V | = 2k − 1 > 2(k − 1) then when attempting to colour V with k − 1
colours, some colour must occur at least thrice within V . Thus, for some j ∈ {1, . . . , t} and
some i ∈ {1, . . . , ℓ} and for some s ∈ {1, . . . , k − 1}, the three vertices xij , y
i
j and z
i
j are each
coloured with the same colour s. Then the 3-star {uis;x
i
j , y
i
j, z
i
j} would be monochromatic and
hence (Vˆ , Bˆ) cannot be coloured with k − 1 colours.
Therefore, (Vˆ , Bˆ) is a k-chromatic 3-star system of order nk = (2k−1)+nk−1(k−1)(2k−3).
Case 2: 2k−1 ≡ 1 (mod 3). Then 2k−1 = 3t+1 for some t ∈ Z+. The number of 3-subsets
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of the set V is
(
2k−1
3
)
= t2 (2k − 1)(2k − 3). Note that since
(
2k−1
3
)
= t2 (2k − 1)(2k − 3) is an
integer and 2k − 1 and 2k − 3 are not divisible by 2, t must be even. Let t = 2t′. Partition the
set of all 3-subsets of V into ℓ′ = (2k − 1)(k − 2) sets of disjoint 3-subsets T1, . . . ,Tℓ′ of size t
and ℓ′′ = 2k − 1 sets of disjoint 3-subsets Tℓ′+1, . . . ,Tℓ′+ℓ′′ of size t′. Such a partition is known
to exist by Theorem 1 in [1]. We now fix ℓ = ℓ′ + ℓ′′. Let Ti =
{
{xi1, y
i
1, z
i
1}, . . . , {x
i
t, y
i
t, z
i
t}
}
,
1 6 i 6 ℓ′ and Ti =
{
{xi1, y
i
1, z
i
1}, . . . , {x
i
t′ , y
i
t′ , z
i
t′}
}
, ℓ′ + 1 6 i 6 ℓ′ + ℓ′′.
Now, we decompose the edges between V and Ui, 1 6 i 6 ℓ
′, into 3-stars. Let v be the single
vertex of the set V \
t⋃
j=1
{xij , y
i
j , z
i
j}. The edges between v and Ui, 1 6 i 6 ℓ
′, are decomposed
into 3-stars in a manner similar to the decomposition of the edges between a vertex u ∈ Ui and
Uj , 1 6 i < j 6 ℓ, in Case 1. Let T
1
i be the decomposition of the edges between v and Ui into
3-stars, T2i =
⋃
u∈Ui
{
{u;xi1, y
i
1, z
i
1}, . . . , {u;x
i
t, y
i
t, z
i
t}
}
and Ti = T
1
i ∪ T
2
i , 1 6 i 6 ℓ
′. Then Ti is a
decomposition of the edges between V and Ui, 1 6 i 6 ℓ
′, into 3-stars. The edges between V
and Ui are decomposed into 3-stars Ti in a similar manner for ℓ
′ + 1 6 i 6 ℓ′ + ℓ′′.
The edges between Ui and Uj, 1 6 i < j 6 ℓ, are decomposed into sets of 3-stars U
i
j in a
manner similar to Case 1.
Let Bˆ = B ∪ (
ℓ⋃
i=1
Ai) ∪ (
ℓ⋃
i=1
Ti) ∪ (
ℓ⋃
j=2
U1j) ∪ (
ℓ⋃
j=3
U2j ) ∪ · · · ∪ U
ℓ−1
ℓ . The k colour classes
{1, 2} ∪
ℓ⋃
i=1
(C1 × {i}), {3, 4} ∪
ℓ⋃
i=1
(C2 × {i}), · · · , {2k − 1, 2k − 2} ∪
ℓ⋃
i=1
(Ck−1 \ Ck) × {i}),
{2k− 1} ∪
ℓ⋃
i=1
(Ck × {i}) exhibit a k-colouring of (Vˆ , Bˆ). It is seen that (Vˆ , Bˆ) is a k-chromatic
3-star system of order nk = (2k − 1) + nk−1(2k − 1)(k − 1) in a manner similar to Case 1.
Case 3: 2k−1 ≡ 2 (mod 3). Then 2k = 3t for some t ∈ Z+. The number of 3-subsets of the
set V is
(
2k
3
)
= t(2k−1)(k−1). We now fix ℓ = (2k−1)(k−1). Partition the set of all 3-subsets
of V into ℓ sets of disjoint 3-subsets T1, . . . ,Tℓ of size t. Let Ti =
{
{xi1, y
i
1, z
i
1}, . . . , {x
i
t, y
i
t, z
i
t}
}
,
1 6 i 6 ℓ. We decompose the edges between V and Ui into the 3-stars of the set Ti =
⋃
u∈Ui
{
{u;xi1, y
i
1, z
i
1}, . . . , {u;x
i
t, y
i
t, z
i
t}
}
, where 1 6 i 6 ℓ. The edges between Ui and Uj , 1 6
i < j 6 ℓ, are decomposed into 3-stars Uij in a manner similar to Case 1. Let Bˆ = B ∪
(
ℓ⋃
i=1
Ai) ∪ (
ℓ⋃
i=1
Ti) ∪ (
ℓ⋃
j=2
U1j ) ∪ (
ℓ⋃
j=3
U2j ) ∪ · · · ∪U
ℓ−1
ℓ . The k colour classes {1, 2} ∪
ℓ⋃
i=1
(C1 × {i}),
{3, 4}∪
ℓ⋃
i=1
(C2 ×{i}), · · · , {2k− 1, 2k− 2}∪
ℓ⋃
i=1
(Ck−1 \Ck)×{i}), {2k− 1, 2k}∪
ℓ⋃
i=1
(Ck ×{i})
exhibit a k-colouring of (Vˆ , Bˆ). It is seen that (Vˆ , Bˆ) is a k-chromatic 3-star system of order
nk = 2k + nk−1(2k − 1)(k − 1) in a manner similar to Case 1. ✷
We finish this section with the following corollary.
Corollary 2.1 For any integer k > 2, there exists some integer nk such that for all admissible
n > nk, there exists a k-chromatic 3-star system of order n.
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Proof. For k = 2, apply Theorem 2.1. For k > 3, apply Theorem 2.2 and Theorem 2.3. ✷
Observe that the cardinalities of the colour classes of the k-chromatic 3-star systems from
Theorem 2.2 and Theorem 2.3 are not excessively imbalanced. The cardinalities of the colour
classes of the k-chromatic 3-star systems either differ by at most a small number or the cardi-
nality of the largest colour class of the k-chromatic 3-star systems is almost two times that of
the cardinality of the smallest colour class.
3 k-colourings of e-star systems
In this section, we generalize the results of the last section for e-star systems for all e > 3. For
any arbitrary integers e > 3 and k > 2, we show that there exists some integer nk where nk ≡ 0
(mod 2e) such that for all n > nk where n ≡ 0, 1 (mod 2e), there exists a k-chromatic e-star
system of order n. We first construct a strongly equitable 2-chromatic e-star system of order 2e
for all e > 3.
Theorem 3.1 There exists a strongly equitable 2-chromatic e-star system of order 2e for all
e > 3.
Proof. By Theorem 2.1, there exists an equitably 2-chromatic 3-star system of order six, (V,B),
where V = {1, 2, 3, 4, 5, 6} and B =
{
{1; 3, 5, 6}, {2; 1, 3, 6}, {4; 1, 2, 3}, {5; 2, 3, 4}, {6; 3, 4, 5}
}
with colour classes R = {1, 3, 5} and Y = {2, 4, 6}. We construct a 2-chromatic 4-star system
of order eight, (Vˆ , Bˆ), from (V,B). Let Vˆ = V ∪ {7, 8} and Bˆ =
{
{1; 3, 5, 6, 8}, {2; 1, 3, 6, 8},
{4; 1, 2, 3, 8}, {5; 2, 3, 4, 7}, {6; 3, 4, 5, 7}, {7; 1, 2, 3, 4}, {8; 3, 5, 6, 7}
}
, Rˆ = {1, 3, 5, 7} and Yˆ =
{2, 4, 6, 8}. Then (Vˆ , Bˆ) is an equitably 2-chromatic 4-star system of order 8 with colour classes
Rˆ and Yˆ .
We now generalize this construction, which can be used in an iterative manner. Suppose that
there exists an equitably 2-chromatic e-star system of order 2e, (V,B), where V = {1, . . . , 2e}
is the set of points which is partitioned into two subsets R and Y and B =
{
{1; a11, . . . , a
1
e},
{2; a21, . . . , a
2
e}, {4; a
4
1, . . . , a
4
e}, {5; a
5
1, . . . , a
5
e}, . . . , {2e; a
2e
1 , . . . , a
2e
e }
}
is the set of blocks. We
construct an equitably 2-chromatic (e+1)-star system of order 2e+2, (Vˆ , Bˆ), from (V,B). Let
Vˆ = V ∪{2e+1, 2e+2} and Bˆ =
{
{1; a11, . . . , a
1
e, 2e+2}, {2; a
2
1, . . . , a
2
e, 2e+2}, {4; a
4
1, . . . , a
4
e, 2e+
2}, {5; a51, . . . , a
5
e, 2e + 2}, . . . , {e + 1; a
e+1
1 , . . . , a
e+1
e , 2e + 2}, {e + 2; a
e+2
1 , . . . , a
e+2
e , 2e + 1},
{e+3; ae+31 , . . . , a
e+3
e , 2e+1}, . . . , {2e; a
2e
1 , . . . , a
2e
e , 2e+1}, {2e+1; 1, 2, . . . , e+1}, {2e+2; 3, e+
2, e+3, . . . , 2e, 2e+1}
}
. Then (Vˆ , Bˆ) is a strongly equitable 2-chromatic (e+1)-star system of
order 2e+ 2 with colour classes Rˆ = {1, 3, 5, . . . , 2e+ 1} and Yˆ = {2, 4, 6, . . . , 2e+ 2}. ✷
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We now show how to construct a k-chromatic e-star system from a smaller k-chromatic e-star
system.
Theorem 3.2 Let k > 2 and e > 3. If there exists a k-chromatic e-star system of order n0
such that n0 ≡ 0, 1 (mod 2e), then there exists a k-chromatic e-star system for all n > n0 such
that n ≡ 0, 1 (mod 2e).
Proof. Suppose that there exists a k-chromatic e-star system, (V,B), where V = {1, . . . , n0}
is the set of points and B is the set of blocks and n0 ≡ 0 or 1 (mod 2e). Given a k-colouring
of (V,B), with colours 1, 2, . . . , k and colour classes C1, C2, . . . , Ck, let R =
ℓ⋃
i=1
Ci and Y =
k⋃
i=ℓ+1
Ci for some integer ℓ such that 1 6 ℓ < k. Let r1, r2, . . . , r|R| be the elements of R and
y1, y2, . . . , y|Y | be the elements of Y . Observe that R and Y form a partition of V . Without
loss of generality assume that |R| > |Y |.
Case 1. Suppose that n0 ≡ 0 (mod 2e). Then n0 = 2et, t > 1.
First, we construct a k-chromatic Se(2et+ 1), (Vˆ , Bˆ), from (V,B). Let Vˆ = V ∪ {2et+ 1}.
If |R| = |Y |, let Bˆ = B∪T where T is the set
{
{2et+1; r1, . . . , re−1, y1}, {2et+1; y2, . . . , ye, re},
. . . , {2et+ 1; r|R|−(e−1), . . . , r|R|−1, y|Y |−(e−1)}, {2et+ 1; y|Y |−e+2, . . . , y|Y |, r|R|}
}
.
Otherwise, |R| > |Y |. Then let Bˆ = B ∪ T where T is the set
{
{2et + 1; y1, . . . , ye−1, r1},
. . . , {2et+1; yt′e−(t′−1), . . . , y(t′+1)e−t′−1, rt′+1}, {2et+1; y(t′+1)e−t′ , . . . , y|Y |, rt′+2, . . . , rt′+i−1},
{2et + 1; rt′+i, . . . , rt′+i+e−1}, . . . , {2et + 1; r|R|−(e−1), . . . , r|R|}
}
, where t′ = ⌊ |Y |
e−1⌋ − 1 and
i = (t′ + 2)e− |Y | − t′ + 1.
Note that (Vˆ , Bˆ) is not (k− 1)-colourable because it contains a copy of (V,B). Observe that
C1, . . . , Ck−1, Ck ∪ {2et+ 1} are the colour classes of a k-colouring of (Vˆ , Bˆ). Therefore, (Vˆ , Bˆ)
is a k-chromatic e-star system of order 2et+ 1.
Next, we construct a k-chromatic Se(2et + 2e), (V˜ , B˜), from (V,B). Let V˜ = V ∪ V ′
where V ′ = {2et+ 1, . . . , 2et+ 2e} and let (V ′,B′) be a 2-chromatic e-star system of order 2e
constructed from Theorem 3.1 with colour classes R′ = {2et+ 1, 2et+ 3, . . . , 2et+ 2e− 1} and
Y ′ = {2et+ 2, 2et+ 4, . . . , 2et+ 2e}. Let B˜ = B ∪B′ ∪ T where T =
⋃
v∈V
{
{v; 2et+ 1, . . . , 2et+
e}, {v; 2et+ e+1, . . . , 2et+2e}
}
. Note that (V˜ , B˜) is not (k− 1)-colourable because it contains
a copy of (V,B). Observe that C1∪R′, C2∪Y ′, C3, . . . , Ck are the colour classes of a k-colouring
of (V˜ , B˜). Therefore, (V˜ , B˜) is a k-chromatic e-star system of order 2et+ 2e.
Case 2. Suppose that n0 ≡ 1 (mod 2e). Then n0 = 2et + 1, t > 1. We construct a k-
chromatic Se(2et+2e), (Vˆ , Bˆ), from (V,B). Let Vˆ = V ∪V1 ∪V2 where V1 = {2et+2, . . . , 2et+
e+ 1} and V2 = {2et+ e+ 2, . . . , 2et+ 2e}. Let v0 = r|R| and R
′ = R \ {v0}.
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If |R′| = |Y |, let T1 =
⋃
v∈V2
{
{v; r1, . . . , re−1, y1}, {v; y2, . . . , ye, re}, . . . , {v; r|R|−e, . . . , r|R|−2,
y|Y |−e+1}, {v; y|Y |−e+2, . . . , y|Y |, r|R|−1}
}
.
If |R′| = |Y | − 1 or |R′| > |Y |, decompose the edges between V2 and V \ {v0} into a set of
e-stars T1 in a manner similar to the case |R′| = |Y |.
Let V ′ = V1 ∪ V2 ∪ {v0} and (V ′,B′) be a 2-chromatic e-star system of order 2e constructed
from Theorem 3.1 with colour classes R′ = {2et+ 3, 2et+ 4, . . . , 2et+ e + 1} and Y ′ = {2et+
2, 2et+ e + 2, 2et+ e + 3, . . . , 2et+ 2e}. Let T2 =
⋃
v∈V \{v0}
{
{v; 2et+ 2, . . . , 2et+ e + 1}
}
. Let
Bˆ = B ∪ B′ ∪ T1 ∪ T2. Note that (Vˆ , Bˆ) is not (k − 1)-colourable because it contains a copy
of (V,B). Observe that C1 ∪R′, C2, . . . , Ck−1, Ck ∪ Y ′ are the colour classes of a k-colouring of
(Vˆ , Bˆ). Therefore, (Vˆ , Bˆ) is a k-chromatic e-star system of order 2et+ 2e. ✷
We now show how to iteratively construct a k-chromatic e-star system from a (k− 1)-chromatic
e-star system.
Theorem 3.3 Let k > 3 and e > 3. If there exists a (k − 1)-chromatic e-star system of order
nk−1 ≡ 0 (mod 2e) then there exists a k-chromatic e-star system of order nk ≡ 0 (mod 2e).
Proof. Let (U0,A0) be a (k − 1)-chromatic e-star system of order nk−1 with colour classes
C1, . . . , Ck−1 such that nk−1 ≡ 0 (mod 2e), |C1| 6 · · · 6 |Ck−1| and each vertex of Cs has
colour s, for 1 6 s 6 k − 1. For each s ∈ {1, . . . , k − 1}, let Cs = {cs1, . . . , c
s
|Cs|
}. For a
positive integer ℓ that will be fixed later and for each i ∈ {1, . . . , ℓ}, let Ui = U0 × {i} and
Ai = A0×{i} where A0×{i} denotes the set {S×{i} | S ∈ A0}. So (Ui,Ai) has colour classes
C1 × {i}, . . . , Ck−1 × {i}. Let W = {w1, w2, . . . , w(e−1)(k−1)+1}, B = {b1, b2, . . . , bk−2} and
D = {d1, d2, . . . , de} be pairwise disjoint sets. If k− 1 is even then let V =W ∪B; otherwise let
V =W ∪B ∪D. Also let U =
ℓ⋃
i=1
Ui such that V ∩U = ∅. We will embed (U1,A1), . . . , (Uℓ,Aℓ)
into a k-chromatic e-star system (Vˆ , Bˆ) where Vˆ = V ∪ U . Let nk = |Vˆ | and observe that
nk ≡ 0 (mod 2e). By Theorem 3.1 and Theorem 3.2, the edges of the complete graph on the
set V admit a decomposition into e-stars which is 2-chromatic. Let (V,B) be a 2-chromatic
e-star system on the set V (so (V,B) will not obstruct the k-colouring that we will construct).
We now need to decompose the edges between V and U and the edges between Ui and Uj, for
1 6 i < j 6 ℓ into e-stars such that the resulting e-star system (Vˆ , Bˆ) is k-chromatic. To do so,
we will decompose the edges between V and U into e-stars in a way such that no e-subset in V
is monochromatic in any putative (k − 1)-colouring.
The number of e-subsets of the set W is N =
(
(e−1)(k−1)+1
e
)
. Let a = (k − 2) + ⌊−k+2
e
⌋ and
N = aq + r where q is a positive integer and 0 6 r < a is an integer. Partition the set of all e-
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subsets of W into q sets of disjoint e-subsets T1, . . . ,Tq of size a and one set of disjoint e-subsets
Tq+1 of size r. Such a partition is known to exist by Theorem 1 in [1]. We now fix ℓ = q + 1 if
r > 0 and ℓ = q if r = 0. Let Ti =
{
{(x1)i1, . . . , (xe)
i
1}, . . . , {(x1)
i
a, . . . , (xe)
i
a}
}
, 1 6 i 6 q and
Tq+1 =
{
{(x1)
q+1
1 , . . . , (xe)
q+1
1 }, . . . , {(x1)
q+1
r , . . . , (xe)
q+1
r }
}
if r > 0 and Tq+1 = ∅ if r = 0. Let
Wi =W \
a⋃
j=1
(
{(x1)ij , . . . , (xe)
i
j}
)
for 1 6 i 6 q and Wq+1 =W \
r⋃
j=1
(
{(x1)
q+1
j , . . . , (xe)
q+1
j }
)
if
r > 0 and Wq+1 = ∅ if r = 0.
For each i ∈ {1, 2, . . . , ℓ} and for each w ∈ Wi, we decompose the edges between w and Ui.
First, we decompose all the edges between w and C1 × {i} into e-stars. Let R1,2w =
{
{w; c11 ×
{i}, . . . , c1e−1×{i}, c
2
1×{i}}, . . . , {w; c
1
(t−1)(e−1)+1×{i}, . . . , c
1
t(e−1)×{i}, c
2
t×{i}}, {w; c
1
t(e−1)+1×
{i}, . . . , c1|C1|×{i}, c
2
t+1×{i}, . . . , c
2
t+t′×{i}}
}
where t and t′ are integers such that t = ⌊ |C1|
e−1 ⌋ and
t′ = (t+1)e− |C1|. Then R1,2w is a decomposition of all the edges between w and C1×{i} along
with the edges between w and C′2 × {i} into e-stars where C
′
2 =
{
c21, . . . , c
2
t+t′
}
⊆ C2. For each
j = 2, 3, . . . , k−2, iteratively proceed in a similar manner to decompose all the edges between w
and (Cj \C′j)×{i} into a set of e-stars R
j,j+1
w . So
k−2⋃
j=1
Rj,j+1w gives a decomposition of the edges
between w and (C1 ∪· · · ∪Ck−2 ∪C′k−1)×{i} where C
′
k−1 ⊆ Ck−1. Let m =
|Ck−1\C
′
k−1|
e
and let
C′′k−1 = Ck−1\C
′
k−1 and without loss of generality we can let C
′′
k−1 = {c
k−1
1 , . . . , c
k−1
me }. Without
loss of generality let Ck =
{
ck−11 , c
k−1
e+1 , c
k−1
2e+1, . . . , c
k−1
(m−1)e+1
}
and decompose the edges between
w and C′′k−1 × {i} into e-stars of the set: R
k−1
w =
{
{w; ck−11 × {i}, c
k−1
2 × {i}, . . . , c
k−1
e × {i}},
{w; ck−1e+1 × {i}, c
k−1
e+2 ×{i}, . . . , c
k−1
2e × {i}}, . . . , {w; c
k−1
(m−1)e+1 × {i}, c
k−1
(m−1)e+2×{i}, . . . , c
k−1
me ×
{i}}
}
.
For each i ∈ {1, 2, . . . , q}, let Ti =
⋃
u∈Ui
{
{u; (x1)i1, . . . , (xe)
i
1}, . . . , {u; (x1)
i
a, . . . , (xe)
i
a}
}
and
Tq+1 =
{
{u; (x1)
q+1
1 , . . . , (xe)
q+1
1 }, . . . , {u; (x1)
q+1
r , . . . , (xe)
q+1
r }
}
if r > 0 and Tq+1 = ∅ if r = 0.
Then Pi = Ti ∪
⋃
w∈Wi
(
Rk−1w ∪ (
k−2⋃
j=1
Rj,j+1w )
)
is a decomposition of the edges between W and Ui
into e-stars. The edges between Ui and Uj , 1 6 i < j 6 ℓ are decomposed into sets of e-stars
Uij in a manner similar to the decomposition of the edges between Wi and Ui, 1 6 i 6 ℓ.
We have two cases.
Case 1. k − 1 is even. Then V = W ∪ B. The edges between B and Ui, 1 6 i 6 ℓ
are decomposed into sets of e-stars Fi in a manner similar to the decomposition of the edges
between Wi and Ui, 1 6 i 6 ℓ. Therefore, (Vˆ , Bˆ) where Bˆ = B ∪ (
ℓ⋃
i=1
Ai) ∪ (
ℓ⋃
i=1
Pi) ∪ (
ℓ⋃
i=1
Fi) ∪
(
ℓ⋃
j=2
U1j ) ∪ (
ℓ⋃
j=3
U2j ) ∪ · · · ∪ U
ℓ−1
ℓ is an e-star system of order nk = (k − 1)e + nk−1(q + 1). A
k-colouring is given by (
ℓ⋃
i=1
C1 × {i}) ∪ {w1, . . . , we−1, b1}, (
ℓ⋃
i=1
C2 × {i}) ∪ {we, . . . , w2e−2, b2},
. . . , (
ℓ⋃
i=1
Ck−2 × {i}) ∪ {w(e−1)(k−1)−2e−1, . . . , w(e−1)(k−1)−e−1, bk−2},
( ℓ⋃
i=1
(Ck−1 \ Ck) × {i}
)
∪
13
{w(e−1)(k−1)−e, . . . , w(e−1)(k−1)}, (
ℓ⋃
i=1
Ck × {i}) ∪ {w(e−1)(k−1)+1}.
Case 2. k − 1 is odd. then V = W ∪ B ∪ D. The edges between D and Ui, 1 6 i 6 ℓ
are decomposed into sets of e-stars Hi in a manner similar to the decomposition of the edges
between Wi and Ui, 1 6 i 6 ℓ. Therefore, (Vˆ , Bˆ) where Bˆ = B ∪ (
ℓ⋃
i=1
Ai) ∪ (
ℓ⋃
i=1
Pi) ∪ (
ℓ⋃
i=1
Fi) ∪
(
ℓ⋃
i=1
Hi)∪ (
ℓ⋃
j=2
U1j )∪ (
ℓ⋃
j=3
U2j)∪ · · · ∪U
ℓ−1
ℓ is an e-star system of order nk = ek+ nk−1(q+1). A
k-colouring is given by (
ℓ⋃
i=1
C1 × {i}) ∪ {w1, . . . , we−1, b1}, (
ℓ⋃
i=1
C2 × {i}) ∪ {we, . . . , w2e−2, b2}
. . . , (
ℓ⋃
i=1
Ck−2 × {i}) ∪ {w(e−1)(k−1)−2e−1, . . . , w(e−1)(k−1)−e−1, bk−2},
( ℓ⋃
i=1
(Ck−1 \ Ck) × {i}
)
∪
{w(e−1)(k−1)−e, . . . , w(e−1)(k−1), d1}, (
ℓ⋃
i=1
Ck × {i}) ∪{w(e−1)(k−1)+1, d2, . . . , de}.
Since (Ui,Ai), 1 6 i 6 ℓ is a (k− 1)-chromatic e-star system, there are vertices ui1, . . . , u
i
k−1
in Ui such that u
i
s ∈ Cs×{i} for each 1 6 s 6 k−1. Since |W | = (e−1)(k−1)+1 > (e−1)(k−1)
then when attempting to colour W with k − 1 colours, some colour must occur at least e times
withinW . Thus, for some i ∈ {1, . . . , q} and some j ∈ {1, . . . , a} and for some s ∈ {1, . . . , k−1},
the vertices (x1)
i
j , (x2)
i
j , . . . , (xe)
i
j are each coloured with the same colour s. Also, for i = q + 1
and some j ∈ {1, . . . , r} and for some s ∈ {1, . . . , k − 1}, the vertices (x1)ij , (x2)
i
j , . . . , (xe)
i
j are
each coloured with the same colour s. Then the e-star {uis; (x1)
i
j , (x2)
i
j , . . . , (xe)
i
j} would be
monochromatic and hence in either case (Vˆ , Bˆ) cannot be coloured with k − 1 colours. ✷
We summarize this section with the following corollary.
Corollary 3.1 For any integers k > 2 and e > 3, there exists some integer nk where nk ≡ 0
(mod 2e) such that for all admissible n > nk where n ≡ 0, 1 (mod 2e), there exists a k-chromatic
e-star system of order n.
Proof. Apply Theorem 3.1, Theorem 3.2 and Theorem 3.3. ✷
4 Unique colourings of e-star systems
We now investigate uniquely k-chromatic e-star systems for any e > 3. We commence by
showing that such designs do indeed exist for k = 2.
Theorem 4.1 For any e > 3, there exists a strongly equitable uniquely 2-chromatic e-star
system of order n for some n ≡ 0 (mod 2e).
Proof. let (U0,A0) be a strongly equitable 2-chromatic e-star system of order 2e constructed
from Theorem 3.1 with colour classes C1 and C2 such that each vertex of Cs has colour s,
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for s = 1, 2. For a positive integer ℓ that will be fixed later and for each i ∈ {1, . . . , ℓ}, let
Ui = U0 × {i} and Ai = A0 × {i} where A0 × {i} denotes the set
{
S × {i} |S ∈ A0
}
. So
(Ui,Ai) has colour classes C1 × {i} and C2 × {i}. Let U =
ℓ⋃
i=1
Ui. Let A
1 = {a11, . . . , a
1
e},
A2 = {a21, . . . , a
2
e} and A = A
1 ∪ A2. Similarly let F 1 = {f11 , . . . , f
1
e }, F
2 = {f21 , . . . , f
2
e },
F = F 1 ∪ F 2, G1 = {g11, . . . , g
1
e}, G
2 = {g21 , . . . , g
2
e}, G = G
1 ∪ G2, H1 = {h11, . . . , h
1
e},
H2 = {h21, . . . , h
2
e}, H = H
1 ∪ H2, K1 = {k11 , . . . , k
1
e}, K
2 = {k21, . . . , k
2
e} and K = K
1 ∪K2.
We construct a uniquely 2-chromatic e-star system (Vˆ , Bˆ) where Vˆ = A ∪ F ∪G ∪H ∪ U ∪K.
We need to decompose the edges between the subsets of Vˆ into e-stars such that the resulting
e-star system (Vˆ , Bˆ) is uniquely 2-chromatic.
First, we decompose the edges between A and U into e-stars in a way such that no e-subset
in A other than the e-subsets A1 and A2 are monochromatic in any putative 2-colouring of
(Vˆ , Bˆ). Let D be the set of all e-subsets of A except A1 and A2. The number of e-subsets of the
set A is N =
(
2e
e
)
and |D| = N − 2. Let Ti, 1 6 i 6 |D|, be the elements of D. Let A˜i = A \ Ti,
1 6 i 6 |D|. We now fix ℓ = |D|.
Partition U0 into e-subsets E1 and E2 such that Ej ∩ C1 6= ∅ and Ej ∩ C2 6= ∅, j = 1, 2.
For each i ∈ {1, 2, . . . , ℓ} and for each w ∈ A˜i, we decompose the edges between w and Ui into
the set of e-stars Rw =
2⋃
j=1
{
{w;Ej × {i}}
}
. For each i ∈ {1, . . . , ℓ}, let Ti =
⋃
u∈Ui
{
{u;Ti}
}
.
Then Pi = Ti ∪
( ⋃
w∈A˜i
Rw
)
is a decomposition of the edges between A and Ui and
ℓ⋃
i=1
Pi is a
decomposition of the edges between A and U into e-stars.
Recall that (Ui,Ai) is 2-chromatic. So for any 2-colouring of (Ui,Ai) there must be a vertex
uis of each colour s in Ui, 1 6 s 6 2. Note that for each i ∈ {1, . . . , |D|}, {u
i
s;Ti} ∈ Ti and so
to ultimately obtain a valid 2-colouring of (Vˆ , Bˆ), the e vertices of Ti must not all have colour
s, 1 6 s 6 2. If a colour s occurs on more than e vertices of A then there exists a Ti with only
colour s and then {uis;Ti} would be monochromatic. So in any valid 2-colouring of (Vˆ , Bˆ), each
colour must occur on exactly e points of A. If the points of colour s are not all in A1 or A2
then they are the leaves of a monochromatic e-star with centre uis. Without loss of generality
we therefore assign colour s to all e points of As, 1 6 s 6 2.
We now begin to decompose the edges between A and F into e-stars. For each i ∈ {1, . . . , e},
let K1i =
{
{f1i ;A
2}
}
and K1i =
{
{f1i ;A
1}
}
. Since each vertex of A2 has colour 2 then each
vertex of F 1 must have colour 1 or else a monochromatic e-star would now exist. Likewise, each
vertex of F 2 must have colour 2. Let K1 =
e⋃
i=1
K1i and K
2 =
e⋃
i=1
K2i . We decompose the edges
between Ai and F i, 1 6 i 6 2, later. Decompose the edges between A1 and G2 and between A2
and G1 into a set of e-stars L in a similar manner, forcing the vertices of the subsets G1 and G2
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to have colours 1 and 2 respectively. We decompose the edges between Ai and Gi, 1 6 i 6 2,
later. Also, decompose the edges between K1 and G2 and between K2 and G1 into a set of
e-stars C in a similar manner, forcing the vertices of the subsets K1 and K2 to have colours 1
and 2 respectively. We decompose the edges between Ki and Gi, 1 6 i 6 2, later
Next, we decompose the edges between H and F ∪ G. For each i ∈ {1, . . . , e}, let E1i =
{
{h1i ; f
2
1 , . . . , f
2
e }, {h
1
i ; f
1
1 , . . . , f
1
e−1, g
2
1}, {h
1
i ; f
1
e , g
1
1 , . . . , g
1
e−2, g
2
2}, {h
1
i ; g
1
e−1, g
1
e , g
2
3, . . . , g
2
e}
}
, and
E1 =
e⋃
i=1
E1i . Then E
1 is a decomposition of the edges between H1 and F ∪G into e-stars such
that all the vertices in H1 are forced to have colour 1. Decompose the edges between H2 and
F ∪ G into a set of e-stars E2 in a similar manner, forcing every vertex in H2 to have unique
colour 2. Let E =
2⋃
j=1
Ej .
Partition the 6e−6 vertices of F 1∪G1∪H∪K \{h21, h
2
2, h
2
3, k
2
1 , k
2
2 , k
2
3} into six sets S1, . . . , S6
of size e − 1. For each 1 6 i 6 e, let M1i =
{
{a1i ;S1 ∪ {h
2
1}}, {a
1
i ;S2 ∪ {h
2
2}}, {a
1
i ;S3 ∪ {h
2
3}},
{a1i ;S4 ∪{k
2
1}}, {a
1
i ;S5 ∪{k
2
2}}, {a
1
i ;S6 ∪ {k
2
3}}
}
. Then M1 =
e⋃
i=1
M1i is a decomposition of the
edges between A1 and F 1∪G1∪H∪K into e-stars, none of which is monochromatic. Decompose
the edges between A2 and F 2 ∪ G2 ∪H ∪K into a set of e-stars M2 in a similar manner. Let
M =
2⋃
j=1
Mj .
Partition the 5e− 5 vertices of G1 ∪ F ∪H \ {f21 , f
2
2 , f
2
3 , h
2
1, h
2
2} into five sets R1, . . . , R5 of
size e − 1. For each 1 6 i 6 e, let F1i =
{
{k1i ;R1 ∪ {f
2
1}}, {k
1
i ;R2 ∪ {f
2
2}}, {k
1
i ;R3 ∪ {f
2
3 }},
{k1i ;R4 ∪{h
2
1}}, {k
1
i ;R5 ∪{h
2
2}}. Then F
1 =
e⋃
i=1
F1i is a decomposition of the edges between K
1
and G1 ∪ F ∪ H into e-stars, none of which is monochromatic. Decompose the edges between
K2 and G2 ∪ F ∪H into a set of e-stars F2 in a similar manner.
Next, for each 1 6 i 6 ℓ, we decompose the edges between F ∪ G and Ui into e-stars.
Let us1, . . . , u
s
e be the vertices of colour s, 1 6 s 6 2, in an equitable 2-colouring of (U0,A0).
For each j ∈ {1, . . . , e}, let N1j =
{
{u1j × {i}; f
2
1 , . . . , f
2
e }, {u
1
j × {i}; f
1
1 , . . . , f
1
e−1, g
2
1}, {u
1
j ×
{i}; f1e , g
1
1, . . . , g
1
e−2, g
2
2}, {u
1
j ×{i};g
1
e−1, g
1
e , g
2
3 , . . . , g
2
e}
}
and observe that u1j ×{i} in now forced
to have colour 1.
For each j ∈ {1, . . . , e}, decompose the edges between u2j × {i} and F ∪ G into a set of
e-stars N2j in a similar manner so that u
2
j × {i} is forced to have colour 2. Let N
s =
e⋃
j=1
Nsj and
Oi =
2⋃
s=1
Ns. Then Oi is a decomposition of the edges between F ∪G and Ui into e-stars which
forces every vertex of Ui to have a unique colour. Let O =
ℓ⋃
i=1
Oi.
At this point every vertex of V is coloured, and the colouring is unique (up to a permutation
of the colours). Moreover, the two colour classes are equal in size and so the colouring is
strongly equitable. All that remains is to complete the decomposition without introducing
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monochromatic e-stars.
For each 1 6 i 6 e, we begin to decompose the edges between F and G into e-stars. Let
Q1i =
{
{f1i ; g
1
1, . . . , g
1
e−1, g
2
1}, {f
1
i ; g
1
e , g
2
2, . . . , g
2
e}
}
. Then Q1 =
e⋃
i=1
Q1i is a decomposition of the
edges between F 1 and G into e-stars, none of which is monochromatic. Decompose the edges
between F 2 and G into a set of e-stars Q2 in a similar manner. Let Q =
2⋃
j=1
Qj .
Next, for each 1 6 i 6 ℓ, we decompose the edges between H and Ui into e-stars. Recall
that us1, . . . , u
s
e are vertices of colour s, 1 6 s 6 2. Let I
1
j =
{
{u1j × {i};h
1
1, . . . , h
1
e−1, h
2
1},
{u1j × {i};h
1
e, h
2
2, . . . , h
2
e}
}
, 1 6 j 6 e. For each j ∈ {1, . . . , e}, decompose the edges between
u2j × {i} and H into a set of e-stars I
2
j in a similar manner. Let I
s =
e⋃
j=1
Isj and Si =
2⋃
s=1
Is.
Then Si is a decomposition of the edges between H and Ui into e-stars. Let S =
ℓ⋃
i=1
Si. For each
1 6 i 6 ℓ, decompose the edges between K and Ui into a set of e-stars Hi in a similar manner
so that
ℓ⋃
i=1
Hi decomposes all of the edges between K and U . The edges between Ui and Uj ,
1 6 i < j 6 ℓ, are decomposed into set of e-stars Uij in a similar manner.
Note that |A| = |F | = |G| = |H | = |K| = 2e and so we let each of (A,A), (F,F), (G,G),
(H,H) and (K,K) be an equitable 2-chromatic e-star system on the sets A, F , G, H and K
respectively such that the colour classes are in agreement with the colouring that we have forced
upon V .
Finally, let Bˆ = A∪F∪G∪H∪K∪
( ℓ⋃
i=1
Ai
)
∪
( ℓ⋃
i=1
Pi
)
∪
( ℓ⋃
j=2
U1j
)
∪
( ℓ⋃
j=3
U2j
)
∪ . . .∪
(
Uℓ−1ℓ
)
∪
( 2⋃
j=1
Kj
)
∪L ∪ E∪M∪O∪ Q ∪ S∪ C ∪
( 2⋃
j=1
Fj
)
∪
( ℓ⋃
i=1
Hi
)
. Then (Vˆ , Bˆ) is an e-star system of
order n = 10e+ ℓn0 which is strongly equitable uniquely 2-chromatic. ✷
Observe that each of the cardinalities of the colour classes of the uniquely 2-chromatic e-star sys-
tems constructed from Theorem 4.1 is greater than e. We tacitly use this property to construct
a uniquely 2-chromatic e-star system from a smaller uniquely 2-chromatic e-star system.
Theorem 4.2 Let (V,B) be a strongly equitable uniquely 2-chromatic e-star system of order
n0 constructed from Theorem 4.1 with colour classes C1 and C2. Then there exists a uniquely
2-chromatic e-star system for all n > n0 such that n ≡ 0, 1 (mod 2e).
Proof. For s ∈ {1, 2}, let Cs = {cs1, . . . , c
s
|Cs|
}. Since n0 ≡ 0 (mod 2e), then let n0 = 2et, t > 1.
First, we construct a uniquely 2-chromatic Se(2et + 1), (Vˆ , Bˆ), from (V,B). Let Vˆ = V ∪
{2et + 1}. Let T2et+11 =
{
{2et + 1; c21, . . . , c
2
e}
}
and T2et+12 =
{
{2et + 1; c11, . . . , c
1
e−1, c
2
e+1},
{2et+1; c1e, . . . , c
1
2e−2, c
2
e+2}, . . ., {2et+1; c
1
(t−1)(e−1)+1, . . . , c
1
t(e−1), c
2
e+t}, {2et+1; c
1
t(e−1)+1, . . . ,
c1|C1|, c
2
e+t+1, . . . , c
2
e+t+r}
}
where t = ⌊ |C1|
e−1 ⌋ and r = e− (|C1| − t(e− 1)).
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Partition the set C2 \ {c21, . . . , c
2
e, c
2
e+1, c
2
e+2, . . . , c
2
e+t+r} into a set E of m disjoint e-subsets
X1, . . . , Xm where m =
|C2|−(e+t+r)
e
. Let T2et+13 =
m⋃
i=1
{
{2et+ 1;Xi}
}
.
Let Bˆ = B ∪ T2et+11 ∪ T
2et+1
2 ∪ T
2et+1
3 . Then (Vˆ , Bˆ) is a uniquely 2-chromatic e-star system
of order 2et+ 1 with colour classes C1 ∪ {2et+ 1} and C2.
Next, we construct a uniquely 2-chromatic Se(2et+2e), (V˚ , B˚), from (Vˆ , Bˆ). Let V˚ = Vˆ ∪V ′
where V ′ = {2et+2, 2et+3, . . . , 2et+2e} and let v0 ∈ C1 \{c
1
1, . . . , c
1
e}. Let (V
′∪v0,B
′) be a 2-
chromatic e-star system of order 2e constructed from Theorem 3.1. Let Ti1 =
⋃
i
{
{i; c21, . . . , c
2
e}
}
,
i ∈ {2et+3, 2et+5, . . . , 2et+2e−1} and Tj1 =
⋃
j
{
{j; c11, . . . , c
1
e}
}
, j ∈ {2et+2, 2et+4, . . . , 2et+
2e}. For any k ∈ {2et+2, 2et+3, . . . , 2et+2e}, decompose the remaining edges between vertex
k and set V \ {v0} into sets of e-stars Tk2 and T
k
3 in a manner similar to the construction of
(Vˆ , Bˆ) from (V,B).
Let B˚ = Bˆ ∪B′ ∪
( 2et+2e⋃
k=2et+2
Tk1
)
∪
( 2et+2e⋃
k=2et+2
Tk2
)
∪
( 2et+2e⋃
k=2et+2
Tk3
)
. Then (V˚ , B˚) is a uniquely 2-
chromatic e-star system of order 2et+2e with colour classes C1∪{2et+3, 2et+5, . . . , 2et+2e−1}
and C2 ∪ {2et+ 2, 2et+ 4, . . . , 2et+ 2e}. ✷
We then obtain the following corollary.
Corollary 4.1 There exists some integer n0 where n0 ≡ 0 (mod 2e) such that for all admissible
n > n0 where n ≡ 0, 1 (mod 2e), there exists a uniquely 2-chromatic e-star system of order n
for any e > 3.
Proof. Apply Theorem 4.1 and Theorem 4.2. ✷
We now show how to construct a strongly equitable k-chromatic e-star system from a strongly
equitable uniquely (k − 1)-chromatic e-star system.
Theorem 4.3 Let k > 3 and e > 3. If there exists a strongly equitable uniquely (k − 1)-
chromatic e-star system of order nk−1 ≡ 0 (mod 2e) with colour classes C1, . . . , Ck−1 such that
|Ci| > e, 1 6 i 6 k− 1, then there exists a strongly equitable k-chromatic e-star system of order
nk ≡ 0 (mod 2e).
Proof. Let (U0,A0) be a strongly equitable uniquely (k − 1)-chromatic e-star system of order
nk−1 with colour classes C1, . . . , Ck−1 such that nk−1 ≡ 0 (mod 2e), |C1| = · · · = |Ck−1| = r > e
where r is a positive integer and each vertex of Cs has colour s, for 1 6 s 6 k − 1. For each
s ∈ {1, . . . , k − 1}, let Cs = {c
s
1, . . . , c
s
r}. For each i ∈ {1, . . . , k}, let Ui = U0 × {i} and
Ai = A0×{i} where A0×{i} denotes the set {S×{i} | S ∈ A0}. So (Ui,Ai) has colour classes
C1 × {i}, . . . , Ck−1 × {i}. We construct a strongly equitable k-chromatic e-star system (V,B)
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where V =
k⋃
i=1
Ui. We need to decompose the edges between the subsets of V into e-stars such
that the resulting e-star system (V,B) is strongly equitably k-chromatic.
First, we decompose the edges between U1 and U2. For each s ∈ {1, . . . , k−1}, let Ds =
{
cs1×
{1}, . . . , cse×{1}
}
. Let F11 =
r⋃
j=1
{
{c1j×{2};D1}, {c
1
j×{2};D2}, . . . , {c
1
j×{2};Dk−1}
}
. Partition
U1 \
k−1⋃
s=1
Ds into m =
nk−1−e(k−1)
e
sets G1, . . . , Gm such that for each ℓ ∈ {1, . . . ,m}, the vertices
of Gℓ do not all have the same colour. Let F
2
1 =
r⋃
j=1
{
{c1j × {2};G1}, {c
1
j × {2};G2}, . . . , {c
1
j ×
{2};Gm}
}
and F1 = F
1
1 ∪ F
2
1 . Then F1 is a decomposition of the edges between C1 × {2} and
U1 into e-stars. In any putative (k − 1)-colouring of the e-star system that we are building,
the colouring of U1 is unique since (U1,A1) is uniquely (k − 1)-chromatic. The uniqueness of
the (k − 1)-colouring of (U1,A1) is such that all vertices of Ds (1 6 s 6 k − 1) have colour
s. But now some star of F11 is monochromatic if any vertex of C1 × {2} has colour s for some
s ∈ {1, . . . , k − 1}. Therefore the system that we are building is not (k − 1)-colourable. By
demonstrating a k-colouring, we establish that it is k-chromatic. Without loss of generality,
actually colour each vertex of Ds with colour s and each vertex of C1 × {2} with colour k.
Let F12 =
r⋃
j=1
{
{c2j×{2};D1}, {c
2
j×{2};D3}, {c
2
j×{2};D4}, . . . , {c
2
j×{2};Dk−1}
}
. Partition
U1\
(
D1∪(
k−1⋃
s=3
Ds)
)
intom =
nk−1−e(k−2)
e
sets G1, . . . , Gm such that for each ℓ ∈ {1, . . . ,m}, the
vertices of Gℓ do not all have the same colour. Let F
2
2 =
r⋃
j=1
{
{c2j×{2};G1}, . . . , {c
2
j×{2};Gm}
}
and F2 = F
1
2∪F
2
2 . Then F2 is a decomposition of the edges between C2×{2} and U1 into e-stars
such that all the vertices in C2 × {2} are forced to have colour 2. For each s ∈ {3, . . . , k − 1},
decompose the edges between Cs ×{2} and U1 into a set of e-stars Fs in a similar manner such
that all the vertices in Cs × {2} are forced to have colour s.
Let U12 =
k−1⋃
s=1
Fs. Then U
1
2 is a decomposition of the edges between U1 and U2 into e-stars
forcing (U2,A2) to have colour classes C
2
2 , C
3
2 , . . . , C
k
2 of equal size with no vertex of colour 1,
where C22 = C2 × {2}, C
3
2 = C3 × {2}, . . ., C
k
2 = C1 × {2}. For each i ∈ {3, . . . , k}, decompose
the edges between U1 and Ui into a set of e-stars U
1
i in a similar manner forcing (Ui,Ai) to have
colour classes C1i , C
2
i , . . . , C
i−2
i , C
i
i , . . . , C
k
i of equal size with no vertex of colour i − 1, where
C1i = C1 × {i}, C
2
i = C2 × {i}, . . ., C
i−2
i = Ci−2 × {i}, C
i
i = Ci × {i}, . . ., C
k
i = Ci−1 × {i}.
Next, for each j ∈ {3, . . . , k}, we decompose the edges between U2 and Uj . Partition U2
into m =
nk−1
e
sets G1, . . . , Gm such that for each ℓ ∈ {1, . . . ,m}, the vertices of Gℓ do not all
have the same colour. For each j ∈ {3, . . . , k}, let U2j =
⋃
u∈Uj
{
{u;G1}, {u;G2}, . . . , {u;Gm}
}
.
Then U2j is a decomposition of the edges between U2 and Uj into e-stars such that no e-star is
monochromatic. For each 3 6 i < j 6 k, decompose the edges between Ui and Uj into a set of
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e-stars Uij in a similar manner.
Let B =
( k⋃
i=1
Ai
)
∪
( k⋃
j=2
U1j
)
∪
( k⋃
j=3
U2j
)
∪ . . . ∪ Uk−1k and C
1
1 = C1 × {1}, C
2
1 = C2 × {1},
. . ., Ck−11 = Ck−1 × {1}. Then (V,B) is a strongly equitable k-chromatic e-star system of
order nk = knk−1 with colour classes C
1
1 ∪ C
1
3 ∪ C
1
4 ∪ · · · ∪ C
1
k , C
2
1 ∪ C
2
2 ∪ C
2
4 ∪ · · · ∪ C
2
k , . . .,
Ck−11 ∪ C
k−1
2 ∪ · · · ∪ C
k−1
k−1 , C
k
2 ∪ C
k
3 ∪ · · · ∪ C
k
k where each colour class is of size (k − 1)r. ✷
We now show how to construct a strongly equitable uniquely k-chromatic e-star system from a
strongly equitable k-chromatic e-star system.
Theorem 4.4 Let k > 3 and e > 3. If there exists a strongly equitable k-chromatic e-star
system of order n0 ≡ 0 (mod 2e), then there exists a strongly equitable uniquely k-chromatic
e-star system of order n for some n ≡ 0 (mod 2e).
Proof. Let (U0,A0) be a strongly equitable k-chromatic e-star system of order n0 ≡ 0 (mod
2e) with colour classes C1, . . . , Ck such that each vertex of Cs has colour s, for s = 1, . . . , k.
For a positive integer ℓ that will be fixed later and for each i ∈ {1, . . . , ℓ}, let Ui = U0 × {i}
and Ai = A0 × {i} where A0 × {i} denotes the set
{
S × {i} |S ∈ A0
}
. So (Ui,Ai) has
colour classes C1 × {i}, . . . , Ck × {i}. Let U =
ℓ⋃
i=1
Ui. Let A
1 = {a11, . . . , a
1
e}, . . . , A
k =
{ak1 , . . . , a
2
ek}, A
1
0 = {(a1)
1
0, . . . , (ae)
1
0}, A =
⋃k
i=1A
i and A′ = A ∪ A10. Similarly let F
1 =
{f11 , . . . , f
1
e }, . . . , F
k = {fk1 , . . . , f
k
e }, F
1
0 = {(f1)
1
0, . . . , (fe)
1
0}, F =
⋃k
i=1 F
i and F ′ = F ∪ F 10 ,
G1 = {g11, . . . , g
1
e}, . . . , G
k = {gk1 , . . . , g
k
e}, G
1
0 = {(g1)
1
0, . . . , (ge)
1
0}, G =
⋃k
i=1G
i and G′ =
G ∪ G10, H
1 = {h11, . . . , h
1
e}, . . . , H
k = {hk1 , . . . , h
k
e}, H
1
0 = {(h1)
1
0, . . . , (he)
1
0}, H =
⋃k
i=1H
i
and H ′ = H ∪ H10 . We construct a uniquely k-chromatic e-star system (Vˆ , Bˆ) where Vˆ =
A ∪ F ∪G ∪H ∪ U if k is even and Vˆ = A′ ∪ F ′ ∪G′ ∪H ′ ∪ U if k is odd.
We need to decompose the edges between the subsets of Vˆ into e-stars such that the resulting
e-star system (Vˆ , Bˆ) is uniquely k-chromatic.
First, we decompose the edges between A and U into e-stars in a way such that no e-subset in
A other than the e-subsets A1, . . . , Ak are monochromatic in any putative k-colouring of (Vˆ , Bˆ).
Let D be the set of all e-subsets of A except A1, . . . , Ak. The number of e-subsets of the set A
is N =
(
ke
e
)
and |D| = N − k. Let a = k − 1 and |D| = aq + r where q is a nonnegative integer
and 0 6 r < a is an integer. Partition set D into q sets of disjoint e-subsets T1, . . . ,Tq of size a
and one set of disjoint e-subsets Tq+1 of size r; such a partition is known to exist by Theorem 1
in [1]. Let Ti = {T i1, . . . , T
i
a}, 1 6 i 6 q and Tq+1 = {T
q+1
1 , . . . , T
q+1
r }. Let A˜i = A \
⋃a
j=1 T
i
j ,
1 6 i 6 q and A˜q+1 = A \
⋃r
j=1 T
q+1
j if r > 0 and A˜q+1 = ∅ if r = 0. We now fix ℓ = q + 1 if
r > 0 and ℓ = q if r = 0.
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Partition U0 into e-subsets E1, . . . , Em where m =
n0
e
such that each Ej has nonempty
intersection with at least two colour classes, 1 6 j 6 m. For each i ∈ {1, 2, . . . , ℓ} and
for each w ∈ A˜i, we decompose the edges between w and Ui into the set of e-stars Rw =
m⋃
j=1
{
{w;Ej × {i}}
}
. For each i ∈ {1, . . . , q}, let Ti =
⋃
u∈Ui
{
{u;T i1}, . . . , {u;T
i
a
}
and Tq+1 =
⋃
u∈Ui
{
{u;T q+11 }, . . . , {u;T
q+1
r }
}
. Then Pi = Ti ∪
( ⋃
w∈A˜i
Rw
)
, 1 6 i 6 ℓ, is a decomposition of
the edges between A and Ui and
ℓ⋃
i=1
Pi is a decomposition of the edges between A and U into
e-stars.
Recall that (Ui,Ai) is k-chromatic. So for any k-colouring of (Ui,Ai) there must be a vertex
uis of each colour s in Ui, 1 6 s 6 k. Note that for each i ∈ {1, . . . , q}, {u
i
s;T
i
j} ∈ Ti, 1 6 j 6 a,
and {uq+1s ;T
q+1
j } ∈ Tq+1, 1 6 j 6 r, and so to ultimately obtain a valid k-colouring of (Vˆ , Bˆ),
the e vertices of T ij and T
q+1
j must not all have colour s, 1 6 s 6 k. If a colour s occurs on
more than e vertices of A then there exists a T ij or T
q+1
j with only colour s and then {u
i
s;T
i
j}
or {uis;T
q+1
j } would be monochromatic. So in any valid k-colouring of (Vˆ , Bˆ), each colour must
occur on exactly e points of A. If the points of colour s are not all in A1 or . . . or Ak then they
are the leaves of a monochromatic e-star with centre uis. Without loss of generality we therefore
assign colour s to all e points of As, 1 6 s 6 k.
We now begin to decompose the edges between A and F into e-stars. For each i ∈
{1, . . . , e}, let K1i =
{
{f1i ;A
2}, . . . , {f1i ;A
k}
}
, K2i =
{
{f2i ;A
1}, {f2i ;A
3}, . . . , {f2i ;A
k}
}
, . . .,
Kki =
{
{fki ;A
1}, . . . , {fki ;A
k−1}
}
. Since each vertex of As has colour s, 2 6 s 6 k, then each
vertex of F 1 must have colour 1 or else a monochromatic e-star would now exist. Likewise,
each vertex of F s must have colour s, 2 6 s 6 k. Let K1 =
e⋃
i=1
K1i , . . . ,K
k =
e⋃
i=1
Kki . We
decompose the edges between Ai and F i, 1 6 i 6 k, later. For each j ∈ {1, . . . , k}, decompose
the edges between Aj and G1 ∪ · · · ∪Gj−1 ∪Gj+1 ∪ · · · ∪Gk into a set of e-stars Lj in a similar
manner, forcing the vertices of the subsets G1, . . . , Gk to have colours 1, . . . , k respectively. Let
L =
k⋃
j=1
Lj . We decompose the edges between A
i and Gi, 1 6 i 6 k, later.
Next, we decompose the edges between H and F ∪ G. For each i ∈ {1, . . . , e}, let E1i =
{
{h1i ; f
2
1 , . . . , f
2
e }, . . . , {h
1
i ; f
k
1 , . . . , f
k
e }, {h
1
i ; f
1
1 , . . . , f
1
e−1, g
2
1}, {h
1
i ; f
1
e , g
1
1, . . . , g
1
e−2, g
2
2}, {h
1
i ; g
1
e−1,
g1e , g
2
3 , . . . , g
2
e}, {h
1
i ; g
3
1 , . . . , g
3
e}, . . . , {h
1
i ; g
k
1 , . . . , g
k
e}
}
and E1 =
e⋃
i=1
E1i . Then E
1 is a decomposi-
tion of the edges between H1 and F ∪G into e-stars such that all the vertices in H1 are forced
to have colour 1. For each s ∈ {2, . . . , k}, decompose the edges between Hs and F ∪ G into a
set of e-stars Es in a similar manner, forcing every vertex in Hs to have unique colour s. Let
E =
k⋃
s=1
Es.
Next, we decompose the edges between A1 and F 1∪G1∪H . For each i ∈ {1, . . . , e}, letM1i =
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{
{a1i ; f
1
1 , . . . , f
1
e−1, h
2
1}, {a
1
i ; f
1
e , g
1
1 , . . . , g
1
e−2, h
2
2}, {a
1
i ; g
1
e−1, g
1
e , h
2
3, . . . , h
2
e}, {a
1
i ;h
1
1, . . . , h
1
e−1, h
3
1},
{a1i ;h
1
e, h
3
2, . . . , h
3
e}, {a
1
i ;h
4
1, . . . , h
4
e}, . . . , {a
1
i ;h
k
1 , . . . , h
k
e}
}
. Then M1 =
e⋃
i=1
M1i is a decomposi-
tion of the edges between A1 and F 1 ∪ G1 ∪ H into e-stars, none of which is monochromatic.
For each j ∈ {2, . . . , k}, decompose the edges between Aj and F j ∪Gj ∪H into a set of e-stars
Mj in a similar manner. Let M =
k⋃
j=1
Mj .
Next, for each 1 6 i 6 ℓ, we decompose the edges between F ∪ G and Ui into e-stars.
Let us1, . . . , u
s
e be the vertices of colour s, 1 6 s 6 k, in an equitable k-colouring of (U0,A0).
For each j ∈ {1, . . . , e}, let N1j =
{
{u1j × {i}; f
2
1 , . . . , f
2
e }, . . . , {u
1
j × {i}; f
k
1 , . . . , f
k
e }, {u
1
j ×
{i}; f11 , . . . , f
1
e−1, g
2
1}, {u
1
j×{i}; f
1
e , g
1
1 , . . . , g
1
e−2, g
2
2}, {u
1
j×{i};g
1
e−1, g
1
e , g
2
3 , . . . , g
2
e}, {u
1
j×{i}; g
3
1,
. . . , g3e}, . . . , {u
1
j × {i}; g
k
1 , . . . , g
k
e }
}
and observe that u1j × {i} is now forced to have colour 1.
For each j ∈ {1, . . . , e} and each s ∈ {2, . . . , k}, decompose the edges between usj × {i} and
F ∪ G into a set of e-stars Nsj in a similar manner so that u
s
j × {i} is forced to have colour s.
Let Ns =
e⋃
j=1
Nsj and Oi =
k⋃
s=1
Ns. Then Oi is a decomposition of the edges between F ∪G and
Ui into e-stars which forces every vertex of Ui to have a unique colour. Let O =
ℓ⋃
i=1
Oi.
At this point every vertex of Vˆ is coloured, and the colouring is unique (up to a permutation
of the colours). Moreover, the colour classes are equal in size and so the colouring is strongly eq-
uitable. All that remains is to complete the decomposition without introducing monochromatic
e-stars.
For each 1 6 i 6 e, we begin to decompose the edges between F and G into e-stars. Let
Q1i =
{
{f1i ; g
1
1 , . . . , g
1
e−1, g
2
1}, {f
1
i ; g
1
e , g
2
2, . . . , g
2
e}
}
, {f1i ; g
3
1, . . . , g
3
e}, . . . , {f
1
i ; g
k
1 , . . . , g
k
e}
}
. Then
Q1 =
e⋃
i=1
Q1i is a decomposition of the edges between F
1 and G into e-stars, none of which is
monochromatic. For each j ∈ {2, . . . , k}, decompose the edges between F j and G into a set of
e-stars Qj in a similar manner. Let Q =
k⋃
j=1
Qj .
Next, for each 1 6 i 6 ℓ, we decompose the edges between H and Ui into e-stars. Recall
that us1, . . . , u
s
e are the vertices of colour s, 1 6 s 6 k. Let I
1
j =
{
{u1j × {i};h
1
1, . . . , h
1
e−1, h
2
1},
{u1j ×{i};h
1
e, h
2
2, . . . , h
2
e}, {u
1
j ×{i};h
3
1, . . . , h
3
e}, . . . , {u
1
j ×{i};h
k
1, . . . , h
k
e}
}
, 1 6 j 6 e. For each
j ∈ {1, . . . , e} and each s ∈ {2, . . . , k}, decompose the edges between usj × {i} and H into a set
of e-stars Isj in a similar manner. Let I
s =
e⋃
j=1
Isj and Si =
k⋃
s=1
Is. Then Si is a decomposition
of the edges between H and Ui into e-stars. Let S =
ℓ⋃
i=1
Si. The edges between Ui and Uj ,
1 6 i < j 6 ℓ, are decomposed into set of e-stars Uij in a similar manner.
Note that |A| = |F | = |G| = |H | = ke.
Case1. k is even. We let each of (A,A), (F,F), (G,G), and (H,H) be strongly equitable
k-chromatic e-star systems on the sets A, F , G, and H respectively such that the colour classes
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are in agreement with the colouring that we have forced upon Vˆ . Let Bˆ = A ∪ F ∪ G ∪ H ∪
( ℓ⋃
i=1
Ai
)
∪
( ℓ⋃
i=1
Pi
)
∪
( ℓ⋃
j=2
U1j
)
∪
( ℓ⋃
j=3
U2j
)
∪ . . .∪
(
Uℓ−1ℓ
)
∪
( k⋃
j=1
Kj
)
∪L∪E∪M∪O∪Q∪S. Then
(Vˆ , Bˆ) is an e-star system of order n = 4ke + ℓn0 which is uniquely k-chromatic and strongly
equitable.
Case 2. k is odd. For j ∈ {1, . . . , e}, let Vj =
{
{(aj)10; f
2
1 , . . . , f
2
e }, {(aj)
1
0; f
3
1 , . . . , f
3
e }, . . . ,
{(aj)10; f
k
1 , . . . , f
k
e }, {(aj)
1
0; f
1
1 , . . . , f
1
e−1, g
2
1}, {(aj)
1
0; f
1
e , g
1
1 , . . . , g
1
e−2, g
2
2}, {(aj)
1
0; g
1
e−1, g
1
e , g
2
3 , . . . , g
2
e},
{(aj)10; g
3
1 , . . . , g
3
e}, . . . ,{(aj)
1
0; g
k
1 , . . . , g
k
e}
}
∪
{
{(aj)10;h
1
1, . . . , h
1
e−1, h
2
1}, {(aj)
1
0;h
1
e, h
2
2, . . . , h
2
e−1},
{(aj)10;h
3
1, . . . , h
3
e}, . . . , {(aj)
1
0;h
k
1 , . . . , h
k
e}
}
∪
ℓ⋃
i=1
({
{(aj)10;u
1
1×{i}, u
1
2×{i}, . . . , u
1
e−1×{i}, u
2
1×
{i}}, . . . , {(aj)10;u
1
(t−1)(e−1)+1×{i}, . . . , u
1
t(e−1)×{i}, u
2
t×{i}}, {(aj)
1
0;u
1
t(e−1)+1×{i}, . . . , u
1
|C1|
×
{i}, u2t+1×{i}, . . . , u
2
t+m×{i}}
})
∪
ℓ⋃
i=1
({
{(aj)
1
0;x
d
1×{i}, . . . , x
d
e×{i}} | 1 6 d 6
n0−(|C1|+t+m)
e
})
,
where t and m are positive integers and the sets {xd1, . . . , x
d
e}, 1 6 d 6
n0−(|C1|+t+m)
e
, form a
partition of Ui \ (C1 × {i}) ∪
{
u21 × {i}, u
2
2 × {i}, . . . , u
2
t+m × {i}
}
. Let V =
e⋃
j=1
Vj , then V is a
decomposition of the edges between A10 and F ∪ G ∪H ∪ U into e-stars forcing the vertices of
A10 to have unique colour 1.
Decompose the edges between F 10 and A
′∪G∪H∪U into set of e-starsW in a similar manner
so that the vertices of F 10 are forced to have colour 1. Also, decompose the edges between G
1
0
and A′ ∪ F ′ ∪H ∪ U into set of e-stars X so that the vertices of G10 are forced to have colour 1
and the edges between H10 and A
′ ∪ F ′ ∪G′ ∪ U into set of e-stars Y so that the vertices of H10
are forced to have colour 1.
Now, we decompose the edges of the complete graph on set A′ into e-stars. We first take
2-chromatic e-star systems Z1 = (A
1 ∪A2,A12), Z2 = (A
3 ∪A4,A34), . . . , Z k+1
2
= (Ak ∪A10,A
k
1)
of size 2e. It is easy then to decompose the edges between Zi and Zj into set of e-stars Z
i
j ,
1 6 i < j 6 k+12 such that no e-star is monochromatic. Then (A
′,A′) where A′ = A12∪ A
3
4∪
· · · ∪ Ak1 ∪ (
k+1
2⋃
j=2
Z1j)∪ (
k+1
2⋃
j=3
Z2j)∪ · · · ∪Z
k+1
2
−1
k+1
2
is an e-star system which is uniquely k-chromatic.
Decompose the edges of the complete graph on the sets F ′, G′ and H ′ into set of estars F′, G′
and H′ in a similar manner.
Let Bˆ = A′∪F′∪G′∪H′∪
( ℓ⋃
i=1
Ai
)
∪ (
ℓ⋃
i=1
Pi)∪
( ℓ⋃
j=2
U1j
)
∪
( ℓ⋃
j=3
U2j
)
∪ . . .∪
(
Uℓ−1ℓ
)
∪ (
k⋃
j=1
Kj)∪
L∪E∪M∪O∪Q∪S∪V∪W∪X∪Y. Then (Vˆ , Bˆ) is an e-star system of order n = 4e(k+1)+ℓn0
which is uniquely k-chromatic and strongly equitable. ✷
We now show how to construct a uniquely k-chromatic e-star system from a smaller uniquely
k-chromatic e-star system.
Theorem 4.5 For any k > 3, let (V,B) be a strongly equitable uniquely k-chromatic e-star
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system of order n0 constructed from Theorem 4.4 with colour classes C1, . . . , Ck. Then there
exists a uniquely k-chromatic e-star system for all n > n0 such that n ≡ 0, 1 (mod 2e).
Proof. For s ∈ {1, . . . , k}, let Cs = {cs1, . . . , c
s
|Cs|
}. Since n0 ≡ 0 (mod 2e), then let n0 = 2et,
t > 1.
First, we construct a uniquely k-chromatic Se(2et + 1), (Vˆ , Bˆ), from (V,B). Let Vˆ =
V ∪{2et+1}. Let T2et+11 =
{
{2et+1; c21, . . . , c
2
e}, {2et+1; c
3
1, . . . , c
3
e}, . . . , {2et+1; c
k
1, . . . , c
k
e}
}
and
T
2et+1
2 =
{
{2et+1; c11, . . . , c
1
e−1, c
2
e+1}, {2et+1; c
1
e, . . . , c
1
2e−2, c
2
e+2}, . . ., {2et+1; c
1
(t−1)(e−1)+1, . . . ,
c1
t(e−1), c
2
e+t}, {2et + 1; c
1
t(e−1)+1, . . . , c
1
|C1|
, c2e+t+1, . . . , c
2
e+t+r}
}
where t = ⌊ |C1|
e−1 ⌋ and r =
e− (|C1| − t(e− 1)).
Partition the set (C2 \ {c21, . . . , c
2
e, c
2
e+1, c
2
e+2, . . . , c
2
e+t+r}) ∪ (C3 \ {c
3
1, . . . , c
3
e}) ∪ · · · ∪ (Ck \
{ck1 , . . . , c
k
e}) into a set E ofm disjoint e-subsetsX1, . . . , Xm wherem =
(|C2|−(e+t+r))+(|C3|−e)+···+(|Ck|−e)
e
.
Let T2et+13 =
m⋃
i=1
{
{2et+ 1;Xi}
}
.
Let Bˆ = B ∪ T2et+11 ∪ T
2et+1
2 ∪ T
2et+1
3 . Then (Vˆ , Bˆ) is a uniquely k-chromatic e-star system
of order 2et+ 1 with colour classes C1 ∪ {2et+ 1}, C2, . . . , Ck.
Next, we construct a uniquely k-chromatic Se(2et+2e), (V˚ , B˚), from (Vˆ , Bˆ). Let V˚ = Vˆ ∪V ′
where V ′ = {2et+ 2, 2et+ 3, . . . , 2et+2e} and let v0 ∈ C1 \ {c11, . . . , c
1
e}. Let (V
′ ∪ {v0},B′) be
a strongly equitable 2-chromatic e-star system of order 2e constructed from Theorem 3.1. Let
Ti1 =
⋃
i
{
{i; c21, . . . , c
2
e}, {i; c
3
1, . . . , c
3
e}, . . . , {i; c
k
1, . . . , c
k
e}
}
, i ∈ {2et+ 3, 2et+5, . . . , 2et+2e− 1}
and Tj1 =
⋃
j
{
{j; c11, . . . , c
1
e}, {j; c
3
1, . . . , c
3
e}, . . . , {j; c
k
1 , . . . , c
k
e}
}
, j ∈ {2et+2, 2et+4, . . . , 2et+2e}.
For any k ∈ {2et+ 2, 2et+ 3, . . . , 2et + 2e}, decompose the remaining edges between vertex k
and set V \ {v0} into sets of e-stars Tk2 and T
k
3 in a manner similar to the construction of T
2et+1
2
and T2et+13 in (Vˆ , Bˆ).
Let B˚ = Bˆ ∪ B′ ∪
( 2et+2e⋃
k=2et+2
Tk1
)
∪
( 2et+2e⋃
k=2et+2
Tk2
)
∪
( 2et+2e⋃
k=2et+2
Tk3
)
. Then (V˚ , B˚) is a uniquely
k-chromatic e-star system of order 2et+ 2e with colour classes C1 ∪ {2et+ 3, 2et+ 5, . . . , 2et+
2e− 1}, C2 ∪ {2et+ 2, 2et+ 4, . . . , 2et+ 2e}, C3, . . . , Ck. ✷
We then conclude with the following corollary.
Corollary 4.2 There exists some integer n0 where n0 ≡ 0 (mod 2e) such that for all admissible
n > n0 where n ≡ 0, 1 (mod 2e), there exists a uniquely k-chromatic e-star system of order n
for any e > 3 and k > 3.
Proof. Apply Theorem 4.4 and Theorem 4.5. ✷
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